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Abstract 

This paper gives an analogue of A g (V) theory for a vertex operator superalgebra 
V and an automorphism g of finite order. The relation between the ^-twisted V- 
modules and A s (V)-modules is established. It is proved that if V is ^-rational, 
then A g (y) is finite dimensional semisimple associative algebra and there are only 
finitely many irreducible g- twisted V- modules. 

1 Introduction 

The twisted sectors or twisted modules are basic ingredients in orbifold conformal field 
theory (cf. |KhM1j . |KLM2| . |KhM,% |LeT] . jhe2] . jDHVWj . |])VVVj . [DL2], |l)bM2| h 
The notion of twisted module |FFR| . [D] is derived from the properties of twisted vertex 
operators for finite automorphisms of even lattice vertex operator algebras constructed in 
|Lelj . |Le2j and |FLM2j . also see |DL2j . In this paper we study the twisted modules for 



an arbitrary vertex operator superalgebra following jTj, |KWj and |DLM2j . 



An associative algebra A(V) was introduced in [Z] for every vertex operator algebra V 
to study the representation theory for vertex operator algebra. The main idea is to reduce 
the study of representation theory for a vertex operator algebra to the study of represen- 
tation theory for an associative algebra. This approach has been very successful and the 
irreducible modules for many well-known vertex operator algebras have been classified 
by using the associative algebras. This theory has been extended to the vertex operator 
superalgebras in |K Wj and has been further generalized to the twisted representations for 
a vertex operator algebra in [DLM2J. 

This paper is a "super analogue" of [DLM2J. We construct an associative algebra 
A g (V) for any vertex operator superalgebra V together with an automorphism g of finite 
order. Then the vacuum space of any admissible g-twisted V^-module becomes a module for 
Ag{V). On the other hand one can construct a 'universal' admissible g- twisted V^-module 
from any A g (V) -module. This leads to a one to one correspondence between the set of 
inequivalent admissible g-twisted V^-modules and the set of simple A g (V)-modvL\es. As in 
the case of vertex operator algebra, if V is g-rational then A g (V) is a finite dimensional 
semisimple associative algebra. 

The ideas of this paper and other related papers are very natural and go back to the 
theory of highest weight modules for Kac- Moody Lie algebras and other Lie algebras with 
triangular decompositions. In the classical highest weight module theory, the highest 
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weight or highest weight vector determines the highest weight module structure to some 
extend (different highest weight modules can have the same highest weight). The role of 
the vacuum space for an admissible twisted module is similar to the role of the highest 
weight space in a highest weight module. So from this point of view, the A g (V) theory 
is a natural extension of highest weight module theory in the representation theory of 
vertex operator superalgebras. 

A vertex operator superalgebra has a canonical automorphism a of order 2 arising 
from the structure of superspace. The cr-twisted modules which are called the Ramond 
sector in the literature play very important roles in the study of geometry. Important 
topological invariants such as elliptic genus and certain Witten genus can be understood 
as graded trace functions on the Ramond sectors constructed from the manifolds. It is 
expected that the theory developed in this paper will have applications in geometry and 
physics. 

Since the setting and most results in this paper are similar to those in |DLM2j we only 
provide the arguments which are either new or need a lot of modifications. We refer the 
reader to [DLM2J for details. 

The organization of this paper is similar to that of [DLM2 j . We review the definition 
of vertex operator superalgebra and define various notions of g-twisted l^-modules in 
section 2. In section 3, we introduce the algebra A g (V) for VOSA V. Section 4 is 
devoted to the study of Lie superalgebra V[g] which is kind of twisted affinization of V. 
A weak g-twisted ^-module is naturally a V[g]-module. In section 5, we construct the 
functor Q which sends a weak g- twisted ^-module to an A g (V) -module. We construct 
another functor L from the category of yl s (V)-modules to the category of admissible g- 
twisted ^/-modules in Section 6. That is, for any A g (V A )-module U we can construct a 
kind of "generalized Verma module" M(U) which is the universal admissible g-twisted 
^-module generated by U. It is proved that there is a 1-1 correspondence between the 
irreducible objects in these two categories. Moreover if V is g-rational, then A g (V) is a 
finite dimensional semisimple associative algebra. We discuss some examples of vertex 
operator superalgebras constructed from the free fermions and their twisted modules in 
Section 7. 



2 Vertex Operator superalgebra and twisted mod- 
ules 

We review the definition of vertex operator superalgebra (cf. jBj, |FLM3j . jDLlj ) and 
various notions of twisted modules in this section (cf. [Dj, |DLM2j . |FFR| . |FLM3j . jTj). 

Recall that a super vector space is a Z 2 -graded vector space V = Vq@Vi. The elements 
in Vq (resp. V\) are called even (resp. odd). Let v be if v G Vg, and 1 if v G V\. 

Definition 2.1. A vertex operator superalgebra is a |z + -graded super vector space 

V= V n = V-Q® Vf. (2.1) 
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with Vq = Xlngz Ki and V\ = Xlngi+z ^» satisfying dim V n < oo for all n and = if m 
is sufficiently small. V is equipped with a linear map 

(End VMM- 1 ]], (2-2) 
v ^Y{v,z) = S ^v n z~ n ~ 1 (v n eEndV). 

ngZ 

and with two distinguished vectors 1 G V , uj G V 2 satisfying the following conditions for 

u,v G V, and to, n G Z : 

■u„f = for n sufficiently large; (2.3) 
Y(l,z) = Id v ; (2.4) 
y(u,*)l G and limy(u,z)l = 7;; (2.5) 

[L(m), L(n)] = (to - n)L(m + n) + ^( m3 _ m)5 m+n , c; (2.6) 

±Y(v,z)=Y(L(-l)v,z); (2.7) 
L(0)| Vn =n. (2.8) 

where L(m) = cu m +i, that is, 

Y(u,z) = J2Hn)z- n ~ 2 ; 

ngZ 

and the Jacobi identity holds: 



zo'5 (^f 1 ) Y(u, Zl )Y(v,z 2 ) - (^f) Y(v,z 2 )Y(u, Zl ) 

= z 2 l 5 ( fL ^) Y(Y(u,z )v,z 2 ). 



(2.9) 



where S(z) = X^nez zH an< ^ l- 2 * - z j) n * s expanded as a formal power series in Zj. Throughout 
the paper, zo, z±,z 2 , etc. are independent commuting formal variables. 

Such a vertex operator superalgebra may be denoted by V = (V, Y, 1, a;). In the case 
V\ = 0, this is exactly the definition of vertex operator algebra given in [FLM3]. 

Definition 2.2. Let V be a vertex operator superalgebra. An automorphism g of V is a 
linear automorphism of V preserving u such that the actions of g and Y(v, z) on V are 
compatible in the sense that 

gY(v,z)g~ 1 = Y(gv,z) 

for v eV. 
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Note that any automorphism of V commutes with L(0) and preserves each homoge- 
neous space V n . As a result, any automorphism preserves Vq and V\. 

Let Aut(V) be the group of automorphisms of V. There is a special automorphism 
o G Aut(V) such that <r|Vg = 1 and o\V\ = — 1. It is clear that a is a central element of 
Aut(V). 

Fix g G Aut(V) of order T . Let o(go) = T. Denote the decompositions of V into 
eigenspaces with respect to the actions of go and g as follows 

V = ® r& /TzV r * (2.10) 

V = ® r&/ToZ V r (2.11) 

where V r * = {v G V\gov = e 2nir ' T v} and V r = {v G V\gv = e ^ ir ' T °v} 

Definition 2.3. A weak g-twisted V^-module M is a vector space equipped with a linear 
map 

V-> (EndM)[[^/To )2 -i/T ()] 

v h-> Y M (u, z) = ^ Wn^^™^ 1 (f„6EndM) 

T 

which satisfies that for all < r < T - I, u <E V r , v <E V, w <E M, 

Y M (u,z)= u n*~ n ~ X \ (2-12) 

T o 

uzw = for Z»0; (2.13) 
Y M (M) = /d M ; (2.14) 



^"M ( ^— ^ J FmK^i)>m(^^) - (-ifX^ ( ] F M («,22)^(M,2l) 



^1 — ^0 \ r / ^1 — ^0 



= [^f) 5 [^f 1 ) Ym(Y(u, z )v, z 2 ). 

Following the arguments in [DL1] one can prove that the twisted Jacobi identity is 
equivalent to the following associativity formula 

(z + z 2 ) k+1 ^Y M (u, z + z 2 )Y M (v, z 2 )w = (z 2 + z ) k+ ^Y M (Y(u, z )v, z 2 )w. (2.16) 

where w G M and k G Z + s.t z k+T oYM(u, z)w involves only nonnegative integral powers 
of z, and commutator relation 

[Y M (u,z 1 ),Y M (v,z 2 )] 
= Res^z, 1 {^^j °$ ( £L ^) Ym(Y(u,z )v,z 2 ). (2.17) 
We need the following Lemma later. 
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Lemma 2.4. The associativity formula \2.1b\) is equivalent to the following: 

(z + z 2 ) m+ ^Y M (u, z + z 2 )Y M (v, z 2 )w = (z 2 + z ) m+ ^Y M (Y(u, z )v, z 2 )w 

for u G V s * and some m G |z + with m = wtu modulo Z such that z m+ ^Y M {u^z)w 
involves only nonnegative integral powers of z. 

Proof: Let u G V r . It is enough to prove that wtu + |? and ^- are congruent modulo Z. 
It is easy to see that s = + r modulo Z if T is even and s = ~w + 2r modulo Z if T 
is odd. Thus wtw + |; is congruent to wtw + |tt + ^r. Since and wtw are congruent 
modulo Z, the result follows immediately. □ 
Equating the coefficients of z^[ m ~' 1 z 2 n ~ 1 in (j2.17|) yields 



[«m,«n] =X) ( 7 ) 
i=0 ^ ' 



'uiv) m+n -i. (2-18) 



We may also deduce from (j2.12j) - (j2.15j) the usual Virasoro algebra axioms, namely 
that if Y m (lu, z) = J2nezL(n)z~ n ~ 2 then 

[L(m), L(n)} = (m - n)L(m + n) + ^( m3 _ m)5 m+nt0 c ( 2 -19) 

and 

J^m(^ z) = Y M (L(-l)v, z) (2.20) 

(cf. [DLM1]). 

The homomorphism and isomorphism of weak twisted modules are defined in an ob- 
vious way. 

Definition 2.5. An admissible g-twisted V -module is a weak g -twisted V -module M which 
carries a grading 

M = © ne i z+ M(n) (2.21) 

satisfying 

v m M(n) C M(n + wtu-m-l) (2.22) 

for homogeneous v G V. 

Definition 2.6. An ordinary g-twisted ^/-module is a weak g-twisted V -module 

M = ]jM x (2.23) 

Aec 



such that dim Ma is finite and for fixed A, Mn + \ = for all small enough integers n where 
M x = {w G M\L(0)w = Xw}. 
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The admissible g-twisted ^-modules form a subcategory of the weak g-twisted V- 
modules. It is easy to prove that an ordinary g-twisted V^-module is admissible. Shifting 
the grading of an admissible g-twisted module gives an isomorphic admissible g-twisted 
^-module. A simple object in this category is an admissible g-twisted ^-module M such 
that and M are the only graded submodules. 

We say that V is g-rational if every admissible g-twisted ^-module is completely 
reducible, i.e., a direct sum of simple admissible g-twisted modules. V is called rational 
if V is 1-rational. V is called holomorphic if V is rational and V is the only irreducible 
F-module up to isomorphism. 

If M = ® n& ^ z+ M{n) is an admissible g-twisted V^-module, the contragredient module 
M' is defined as follows: 

M' = ® ne ^ + M(ny (2.24) 
where M(n)* = Hom c (M(n), C). The vertex operator 1m/(o, z) is defined for a G V via 

(Y M ,(a,z)f,u) = (f,Y M (e tL W(-z- 2 ) L ®a,z- 1 )u) (2.25) 

where (•) denotes the natural paring between M' and M. Then we have the following 
|FHL] : 

Lemma 2.7. (M',Ym>) is an admissible g~ l -twisted V -module. 

Lemma 12.71 is needed in the proof of several results in Section 6 although we do not 
intend to give these proofs (cf. [DLM2j). 

3 The associative algebra A g (V) 

Let r be an integer between and T — 1 ( or T — 1). We will also use r to denote its 
residue class modulo T or To. For homogeneous u 6 V r *, we set 5 r = 1 if r = and 5 r = 
if r ^ 0. Let v G V we define 

(1 + ^Wt^-i+^ + f; 

uo gV = Res z -j^- Y(u,z)v (3.1) 

where (1 + z) a for a G C is to be expanded in nonnegative integer powers of z. Let O g (V) 
be the linear span of all u o g v and define the linear space A g (V) to be the quotient 
V/O g (V). We will use A(V),0(V),uov, when g = 1. The A(V) was constructed in |KWj 
and if V is a vertex operator, A g (V) was constructed in |DLM2j . 

Lemma 3.1. Ifr^O then V r * C O g (V). 

Proof: The proof is the same as that of Lemma 2.1 in |ULM2j . □ 

Let I = O g (V) D V°*. Then A g (V) ~ V°*/I (as linear spaces). Since 0(V°*) C I, 
A g {V) is a quotient of A(V *). 
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We now define a product * g on V which will induce an associative product in A g (V). 
Let r, u and v be as above and set 



u * g v 



Res z (Y(u,z) (1+z) ™ tu v) ifr = (3 2) 

if r > 0. 



As in [UEM 2] we extend * g linearly to obtain a bilinear product on V. Then the 
restriction of * g to V°* coincides with that of [KWJ. As before we will use * instead of * g 
if g — 1. If u G V°* then we can write ()3.2|) as the following form 

E (TV*- < 3 - 3 > 



Lemma 3.2. (%) Assume that u G V r * homogeneous, v EV and m > n > 0. T/ien 

Res}- y(«,*) V e O g (V). 

(ii) Assume that u, v G V * are homogeneous. Then 



(I + -jAWfo-l 

it * f — (-l) fi "i?es / J K(t;, *)u G 0(V°*) 



and 

(iii)u*v- (-iy u v *u- Res z (l + z) wtu ~ l Y(u, z)v G 0(V°*). 
Proof: See the proofs of Lemmas 2.1.2 and 2.1.3 of [7] by noting that 

Y(u,z)v = {-lf%l + z)- wtu - wtv Y(v,--^u) mod O g (V *) 

1 ~\~ z 

and 

Y(u,z)v = (-l)^e zL ^Y(v,-z)u 

(cf. |KE]). □ 
Here is our first main result. 

Theorem 3.3. (i) A g (V) is an associative algebra under * g . 
(ii) 1 + O g [V) is the unit of A g (V). 
(Hi) uj + O g (V) lies in the center of A g (V). 

Proof: First we prove that * g is well defined on A g (V). It is equivalent to prove that 
O g (V) is a 2-sided ideal of V under * g . Since V r * * g V = if r ^ and V°* * g V r * C 1/ r * C 
9 (V A ), it is enough to prove that / = O g (V) R V°* is a two sided ideal of V°* under *. 
The proof given here is similar to that of Proposition 2.3 of |DLM2j . 
Let c G V°* be homogeneous and u G I. We need to show that both 



'1 + z 



,wt 



c 



c*u = Rea z [± Y(c,z)u\ (3.4) 



and 

(1 _|_ ^)Wtc-l 

u * c = Res 2 F(c, z)w (mod J) (3.5) 

z 

lie in /. 

From (j2.1()j) it suffices to take u = a o g b where a G V r * and b G V^ T ~ r ^* are both 
homogeneous. Set x = c * u, X\ = u * c and recall the twisted Jacobi identity on V : 

z -i S Y(c, Zl )Y(a, z 2 )b - {-l) m z^8 (*^*) Y(a, z 2 )Y(c, Zl )b 

V z J / _ \ V ~ Z ° J ( 3 - 6 ) 

= z^5[^—^\ Y(Y(c,z )a,z 2 )b. 

For e = or 1, ()3.6|) implies: 

x e = Res 2l Y(c, zi)Res 22 2 1+Sr Y(a,z 2 )b 

Z\ z 2 

= Res 2l Res 22 Y(c, z x ) 2 —— s Y(a, z 2 )b 

z\ 4 

= (-l)-Res 2l Res 22 ^^ 1 2> 1+Sr Y(a, z 2 )Y(c, Zl )b 

Z\ z 2 



(1 + Zt)^- 5 (1 + Z2 )Wta-l+5 r + ^ _ i 



Z\ — Zq 



+Res 21 Res 22 Res 20 j-t z 2 ^ Y(Y(c, z )a, z 2 )b 

Z\ z 2 r V z 2 J 

(] _|_ 7 AWtc-e (-I I \Wta-l+<5 r + £ 

= (-l)-Res 2l Res 22 ^^ 1 2j >>, * 2 )Y(c, 

^i z 2 

Wtc-e (\ j_ ~ \Wta-l+<5 r + £ 



(1 + Z 2 + Z ) mC ~ £ (1 + * 2 ) 



T 



+Res 22 Res 20 ■ r— = ^(^(c, zb)a, z 2 )6 

z 2 + z z l 2 +dr 

(-l) ca Res 22 l + 2) 1+Sr Y(a,z 2 )Res Zl [ -—^- Y(c, Zl )b 

z 2 r Zi 

+ Z^( -1 ) i ReSz2 1+2+s; Y(c i+j a,z 2 )b 



i,j=0 v / 2 2 

-l) c " a Res 22 l + 2j 1+ , F(a, ^ 2 )Res 2l ^^ F(c, 

^2 ^1 



, v , lV f wtc-e\ R (1 + z 2 )wW)-i + ^ W - % 



i,j=0 



It is clear by the definition of O g (V) and Lemma [3.21 (i) that the resulting vector lies in 
/. This shows that I is an ideal of V^ *. 
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Next we prove that * g is associative. We need to verify that (a * b) * c — a * (b * c) G 
O g (V *) for a, b, c G V°*. A straightforward computation using the twisted Jacobi identity 
gives 

wta 

(a * b) * c = ^^(aj_i6) * c 

i=0 

Wta 



> , I . JRes w {Y [di-ib, w) c) 

wta /wta\ n _|_ w \Wto+Wt6-i 
2j ( . \Res w Res z _ w (Y(Y(a, z - w)b, w)(z - u>) 2 c) 

i=o ^ z ' 

Res w Res z _ w (Y(Y(a, z — w)b, w) 



w 



1 + z) wta (l + w) wtb 



w(z — w) 

Res w Res z (Y(a, z)Y(b, w V ' , 1 } c) 

w(z — w) 

fl + ^wta(i , ln )Wtb 

(-iy ab Res w Res z (Y(b,w)Y(a,z y } , 1 ' c) 

— w) 

V Res^ResJFfa, z)y(6, wM-lYz-^w'^—^ ^— ^ c) 

j=0 



-(-l)' ab J2Res w Res z (Y(b,w)Y(a, z)(-l) m Ar*" 1 ^^ — ^ ; c) 



j=0 

fl + z) wta (l + ^ wt6 
= Res z Res w (F(a,^)r(6,u;)^^^ 1 ; c) mod 9 (V 

r0*\ 



= a* (6*c) mod O g (V u 



Thus ^(V^) ~ q (v)nv°* * s an assoc i a tive algebra under * g . This finishes the proof of (i). 
The proofs of (ii) and (iii) are immediate. □ 



4 The Lie superalgebra V[g] 

Let V be a vertex operator superalgebra with automorphism g of order T . We can endow 
1 i_ 

C[t T o , t T o ] the structure of a vertex algebra with vertex operator 

Y(f(t), z)g(t) = f(t + z)g(t) = (f*f(tj) g(t). (4.1) 
(see jB]). Then the tensor product 

£(V) = C[t^,t~^]®V. (4.2) 
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is a vertex superalgebra with vertex operator 

Y{f{t) v, z){g{t) <g> u) = f{t + z)g{t) <g> Y{v, z)u. (4.3) 

The L(— 1) operator of C(V) is given by D = 4 ® 1 + 1 ® L(—l). Extends g to an 
automorphism of vertex superalgebra in the following way: 

g(t m ® a) = exp(— —){t m ® <?a). (4.4) 
Jo 

Let £(V, g) be the g- invariants which is a vertex sub-superalgebra of C(V). Clearly, 

C{V, g) = ©^o^ r/To C[t, r 1 ] <g> V r . (4.5) 
Following [B], we know that 

= £( v ,9)/D£(V,g) (4.6) 

is a Lie superalgebra with bracket 

[u + D£(V, v + D£(V, g)) = u v + DC(V, g). (4.7) 

For short let a(q) be the image of t q <S> a G £(V, g) in V[gr]. Then we have 

Lemma 4.1. Lei a G V, ?) G V s and m,n £ Z. Then 
(i) HO), a(m + £)] = - (m+ ^) a(m - 1 + £). 

(H) [a (m + i), 6( n + ^)] = ( m ^)a,6(m + n + ^ - 1). 
(in) 1(— 1) /zes m i/ie center ofV[g]. 

For homogeneous a G V, we define 

deg(t n <g> a) = wta - n - 1 (4.8) 

then CiV) is |;Z-graded. Since D increases degree by 1, D£(V,g) is a graded subspace of 
£(V,g) and V[y] is naturally |;Z-graded: 

V[g] = ® ne ^V[g] n . 

By Lemma HHJ V[g] is a ^Z-graded Lie superalgebra with the triangular decomposition 

V[g} = V[g] + ®V[g] ®V[gU (4.9) 



where V\g\± = V[</]±n- 



Lemma 4.2. V[p]o spanned by elements of the form a(wta — 1) for homogeneous a e 
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Proof: Let a £ V. Then the degree wta — n — 1 of a(n) is if and only if a G V ° and 

rp icy 

n = wta - 1 or a e and n = wta — 1. □ 

The bracket of V[g]o is given by 

[a(wta- l),6(wt6- 1)] = ^ ( W a .~ a,6(wt(a,o) - 1). (4.10) 

Set o(a) = a (wta — 1) for homogeneous a G V * and extend linearly to all a G 
This gives a linear map 

V°* -> ^Mo, 

a h-> o(a). (4.11) 

As the kernel of the map is 1) + ^(O))^ *, we obtain an isomorphism of Lie super- 
algebras V°*/(L(-1) + L(0))V°* ^ V[g] . The bracket on the quotient of V°* is given 
by 

[M] = X)( ° ? - H' 6 - 

i>o \ J y 

Lemma 4.3. Lei A g (V)Li e be the Lie superalgebra of the associative algebra A g (V) intro- 
duced in section 3 such that [u,v] = u* g v — (— l) uv v * g u. Then the map o(a) i— > a + 9 (l / ) 
an onto Lze superalgebra homomorphism from V[g]o to A g (V)Li e - 

Proof: Recall that I = O g (V) fl V°*. So we have a surjective linear map 
V[g] = V°*/(L(-1) + L(0))V°* - V *// ~ A fl (F), 



o(a) -> a + (L(-l) + L(0))V°* -> a + 7. (4.12) 
The Lie homomorphism follows from 



[o(a),o(6)]=f;( Wta . 'Wo). 



3=0 

and 

[a + O fl (y),6 + O g (y)] = a* g b-(-lf b b* g a 

E( wta — 1\ 



j=0 

= Res 2 (l + z) wta - 1 Y(a,z)b mod O g {V *) 

= f;^" 1 )^ mod O g (V *). 
i=o ^ 2 ' 



□ 
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5 The functor Q 



The main purpose in this section is to construct a covariant functor from the category 
of weak ^-twisted V^-modules to the category of A g (V) -modules (cf. Theorem 15. Let 
M be a weak g-twisted ^-module. We define the space of "lowest weight vectors" to be 

Q(M) = {we M\u wtu+n w = 0,u G V,n > 0}. 

The main result in this section says that Q(M) is an A g (V)-modu\e. Moreover if / : M — > 
iV is a morphism in weak g-twisted V^-modules, the restriction £l(f) of / to Q(M) is an 
A g (V)-modu\e morphism. 

Note that if M is a weak g- twisted ^-module then M becomes a K[g]-module such 
that a(m) acts as a m . Moreover, M is an admissible g-twisted ^-module if and only if M 
is a |;Z + -graded module for the graded Lie superalgebra V[g] (cf. Lemmas 5.1 and 5.2 of 
|DEM2p . 

Theorem 5.1. Let M be a weak g-twisted V -module. Then the map a \— > o(a) for homo- 
geneous a G V°* gives a representation of the associative algebra A g (V) on Q(M). 

Proof: We first show that Q(M) is invariant under the action of o(a) for a G V. Let 
b G V, w G M and n > wtb. By fl2T51) . 

b n o{a)v = b n a wta _ lV = a^^v + ( J ( 6 <°)wta+n-i-i u = 

as wta + n — 1 — % is greater than or equal to wt(6ja). 

Next we show that the action is well defined. For a G V r * and < r < T, o(a) = by 
Lemma f4. 21 It remains to check that o(a) = on Q(M) for a £ I. 

Note that a (wta — 1 + n)Q(M) = for any n > and a G V°*. There are two cases: 
a G 0(V°*) or 

(1 _|_ ^wtc-i+f 

a = Res z Y(u, z)v 

z 

with u G V r *, v G V( T ~ r >, < r < T - 1. 

If a G O^ *) then there exist u,v E V°* such that 

(1 _)_ z )Wtu 

a = i?es 2 Y(u, z)v. 

z 1 

The argument in the Proof of Theorem 2.1.2 in [Z] with suitable modification gives 

o(u * v) = o{u)o{v). 

Note that o(L(—l)u + L(0)u) = and (L(— l)u + L(0)u) *v = uov. We immediately have 
o(uov) = on n(M). 
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If 

a = Res^- — ' — y(u, z)v, 



'1 + z \Wtc-l+i,_ 



Z 

we can use Lemma \'2. 41 Since z w ^ u ~ 1+ tYm(u, z)w involves only nonnegative integer pow- 
ers of z for w G Q(M), we have 

(z + z 2 ) wtu - 1+ $Y M (u, z + z 2 )Y M (v, z 2 )w = (z 2 + z^ iu - 1+: TY M {Y{u, z Q )v, z 2 )w. (5.1) 
Applying Res^Res^;^ 1 .?^^ T to (|5.1|) yields 

= Res Z0 Res Z2 z^zJ tv ~^(z 2 + z ) wtu - 1+ $Y M (Y(u, z )v, z 2 )w 

El Wtu — 1 + 7p \ „ wtn+Wt^-i-l-iA / \ 

( wtu i + T ) °( u i-i v ) w 

i=0 ^ ' 



[l + Z ) Wtu - 1+ T 



= o Res z Y M (u,z)v w 

\ Z J 

= o{a)w (5.2) 

as required. □ 
If M is a nonzero admissible g-twisted ^-modules we may and do assume that M(0) 
is nonzero with suitable degree shift. With these conventions we have 

Proposition 5.2. Let M be a simple admissible g-twisted V -module. Then the following 
hold 

(i) Q(M) = M(0). 

(ii) Q(M) is a simple A g (V) -module. 
Proof: The proof is the same as in [DLM2]. 



6 Generalized Verma modules and the functor L 

In this section we focus on how to construct admissible g-twisted ^-modules from a given 
Ag(y)-module U. We use the same trick which was used in [DLM2] to do this. We will 
define two g-twisted admissible ^-modules M(U) and L(U). The M(U) is the universal 
admissible g-twisted ^-module such that M(U)(0) = U and L(U) is smallest admissible 
g-twisted ^-module whose L(U)(0) = U. Just as in the classical highest weight module 
theory, L{U) is the unique irreducible quotient of M{U) if U is simple. 

We start with an A g (V) -module U. Then U is automatically a module for A g (V)i4 e . By 
Lemma f4. 31 U is lifted to a module for the Lie superalgebra V[g]o- Let V[g]_ act trivially 
on U and extend U to a P = V[g]_ © V^gjo-module. Consider the induced module 

M(U) = Indp [sl (f/) = U(V[g}) ® U{P) U (6.1) 
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which is |;Z + -graded module for V[g] by giving U degree 0. Then M{U){n) = U(V[g] + ) n U 
by PBW theorem and in particular M(U)(0) = U. 
For v £ V we set 

Y M( u)(v,z)= "H^" 1 ( 6 - 2 ) 

T o 

Then Fm^j^z) satisfies condition (|232l - (l2~T4'J) . By Lemma IP (ii). the identity (EHHj) 
holds. But this is not good enough to establish the twisted Jacobi identity for the action 
(B on M(C/). 

Let be the subspace of M{U) spanned linearly by the coefficients of 

(z + z 2 ) wta - 1+s ^Y(a, z + z 2 )Y(b, z 2 )u - (z 2 + z^^^Y (Y (a, z )b, z 2 )u (6.3) 

for any homogeneous a £ V r *, b £ V, u £ U. We set 

M([7) = M(U)/U(V[g])W. (6.4) 

Proposition 6.1. Let M be a V[g]-module such that there is a subspace U of M satisfying 
the following conditions: 

(i) M = U(V[g))U; 

(ii) For any a £ V r * and u EU there is k £ wta + Z + such that 

(z + z 2 ) k+ $Y(a, z + z 2 )Y(b, z 2 )u = (z + z 2 ) k+ $Y(Y(a, z )b, z 2 )u (6.5) 
for any b £ V. Then M is a weak V -module. 

Proof: We only need to prove the twisted Jacobi identity , which is equivalent to com- 
mutator relation (|2.17|) and the associativity (j2.16|) . But the commutator formula is built 
in already as M is a V[g] -module. By Lemma l2~4l the assumption (ii) can be reformulated 
as follows: 

(ii') For any a £ V r and u £ U there is k £ Z + such that 

(z + z 2 ) k+ ^Y(a, z + z 2 )Y(b, z 2 )u = (z + z 2 ) k+ ^Y(Y(a, z )b, z 2 )u (6.6) 

Since M is a y[g]-module generated by U it is enough to prove that if u satisfies (ii') 
then c n u also satisfies (ii') for c £ V and n £ ^Z. 

Let k\ be a positive integer such that Qa = for % >k\. Let k 2 be a positive integer 
such that 

(z + z 2 ) k2+ ^Y(aa, z + z 2 )Y(b, z 2 )u = (z 2 + z f 2+ ^Y(Y(cia, z )b, z 2 )u, (6.7) 
(z + z 2 ) k2+I ^Y(a, z + z 2 )Y( Ci b, z 2 )u = (z 2 + z ) k2+I ^Y(Y(a, z ) Ci b, z 2 )u (6.8) 

for any nonnegative integer % where we have assumed that c £ V s . 

Let k be a positive integer such that fc + ^ + n — k\ > k 2 + Using ()6.7|) and ()6.8|) 
and the bracket relation (ii) in Lemma f4. II 

[am, Y(b, z 2 )\ = J2 ( • ) ^Y(a t b, z 2 ) (6.9) 

i=0 ^ ' 
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(z + z 2 ) k+T " Y(a, z + z 2 )Y(b, z 2 )c n u 



(-lf~ c (-lf c (z + Z2) k+ ^c n Y(a, z + z 2 )Y(b, z 2 )u 

oo / \ 

-lf\-lf (z + z 2 ) k+ ^ +n ^Y(c z a, z + z 2 )Y(b, z 2 )u 

i=o \ l ' 

oo / \ 
i=0 ^ 

1)^-1)^0 + ^) /£+ ^c ri F(F(a, z )6, ^ 2 )« 

_!)«(_!)* ^ r (z 2 + ^o) fe+ ^ +n "V(F( Ci a, z )fo, z 2 )u 
i=o \ % ' 

E (") ^(^2 + ^o) fe+ ^ V(F(a, z )q6, z 2 )u 
(-l)~ a \-l)%o + z 2 ) k+ ^c n Y(Y(a, z )b, z 2 )u 

oo / \ 

£ r \(z 2 + z ) k+ ^ +n - l Y(Y( Cl a, z )b, z 2 )u 
i=o 

oo / \ 

-lf%-lf Y.[ n ) + ^o) fc+ ^^(QF (a, Zo)b, z 2 )u 

i=0 

-1) 5£ (-1) 5£ E E (") ( •) + Zo) k+ ^zi- j Y(Y( Cj a, z )b, z 2 )u 



+ 



i=0 j=0 

if (-lf^o + z 2 ) fc+ ^c n y(y(a, zo)b, z 2 )u 



if (-if I" 1 ) & + Zo) k+ ^ +n - l Y(Y(c t a, z )b, z 2 )u 
i=o W 

oo / \ 

if (-if ^ r + *b) fc+ * Y(«Y(a, zo)b, z 2 )u 

i=0 



J=0 i=j 

if (-if (z + z 2 ) fe+ t c „r (y (a, z )6, z 2 )u 

if (-if £ (^Ur(^ 2 + ^o) fc+ ^V(QF(a^o)&,^)« 

i=0 

-if (-If^o + z 2 ) k+ ^c n Y(Y(a, z )b, z 2 )u 
-if (-lf> 2 + z ) k+ ^ [c n , y(y(a, zo)6, z 2 )]u 

(z 2 + 2 ) fc+7 ^y(y(a, z )fo, z 2 )c n u. 
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The proof is complete. □ 
Applying Proposition 16. II to M(U) gives the following main result of this section. 

Theorem 6.2. M(U) is an admissible g-twisted V -module with M(U)(0) = U and with 
the following universal property: for any weak g-twisted V -module M and any A g (V)- 
morphism : U — > Q(M), there is a unique morphism : M(U) — > M of weak g-twisted 
V -modules which extends 0. 

As in |DLM2j we also have 

Theorem 6.3. M(U) has a unique maximal graded V[g]-submodule J with the property 
that J fl U = 0. Then L(U) = M(U)/J is an admissible g-twisted V -module satisfying 
£l(L(U)) = U. 

L defines a functor from the category of A g (V) -modules to the category of admissible 
g-twisted V -modules such that Q o L is naturally equivalent to the identity. 

We have a pair of functors Q, L between the A g (V)-modvAe category and admissible 
g-twisted ^-module category. Although Q o L is equivalent to the identity, L o Q is not 
equivalent to the identity in general. 

The following result is an immediate consequence of Theorem 16.31 

Lemma 6.4. Suppose that U is a simple A g (V)-module. Then L(U) is a simple admissible 
g-twisted V -module. 

Using Lemma 16 .4( Proposition 15.21 (ii). Theorems 16.21 and 16.31 gives: 

Theorem 6.5. L and Q are equivalent when restricted to the full subcategories of com- 
pletely reducible A g (V) -modules and completely reducible admissible g-twisted V -modules 
respectively. In particular, L and fl induces mutually inverse bijections on the isomor- 
phism classes of simple objects in the category of A g (V) -modules and admissible g-twisted 
V -modules respectively. 

We now apply the obtained results to ^-rational vertex operator superalgebras to 
obtain: 

Theorem 6.6. Suppose that V is a g-rational vertex operator superalgebra. Then the 
following hold: 

(a) A g (V) is a finite-dimensional, semi-simple associative algebra (possibly 0). 

(b) V has only finitely many isomorphism classes of simple admissible g-twisted mod- 
ules. 

(c) Every simple admissible g-twisted V -module is an ordinary g-twisted V -module. 

(d) V is g~ l -rational. 

(e) The functors L,Q are mutually inverse categorical equivalences between the cate- 
gory of A g {y) -modules and the category of admissible g-twisted V -modules. 

(f) The functors L,Q induce mutually inverse categorical equivalences between the 
category of finite-dimensional A g (V)-modules and the category of ordinary g-twisted V- 
modules. 

The proof is the same as that of Theorem 8.1 in jDLM2j . 
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7 Examples 



In this section we discuss the well known vertex operator superalgebras constructed from 
the free fermions and their twisted modules. In particular we compute the algebra A g (V) 
and classify the irreducible twisted modules using A g (V). The classification results have 
been obtained previously in |Li2j with a different approach. 

Let H = Y^i=i be a complex vector space equipped with a nondegenerate symmet- 
ric bilinear form (, ) such that {a>i\i = 1, 2, .../} form an orthonormal basis. Let A(H, Z+l) 
be the associative algebra generated by {a(n)\a G H, n G Z + 1} subject to the relation 

[a(n),b(m)) + = (a,b)8 m+n>0 . 

Let A + (H, Z + ^) be the subalgebra generated by {a(n)\a £ H,n <E Z + j,n > 0}, and 
make C a 1-dimensional A + (H, Z + |)-module so that aj(n)l = for n > 0. 
Consider the induced module 

V(H, z + 1) = z + i) ^+(^+1) c 

= A[di(— >0,n6Z+^,i = 1,2, ..J] (linearly). 

The action of Oj(n) is given by g a .^_ n ^ if ft is positive and by multiplication by a«(n) if n 
is negative. 

The V(H, Z + 1) is naturally graded by |z so that 

V(H,Z+ -) n = (a il {-n 1 )a i2 (-n 2 ) ■ ■ -a ifc (-n fc )|ni +n 2 H n k = n) 

Let &i> 6fe G if and nj., 7i& G |z we define a normal ordering 
: &i( n i) • ■■b k {n k ) := (-l) H 6 il (n h ) ■ ■ -b ik (n ik ) 

such that rii x < • • • < rij fc where cr is the permutation of {1, fc} by sending j to Zj. For 
a £ H set 

y(o(-l/2),z)= £ a(n)z- n - ^ . 

n£§+Z 

Let t> = b\{—n\ — |) • • - b k (—n k — |) be a general vector in V(if, Z + |) where rij are 
nonnegative integers. We set 

KM =: (d ni & 1 (*))---(^A(*)): 
where <9 n = ^r(^) n - Then we have a linear map: 

V(H,Z+l) -> (End K(if, Z+±)) [[2, 

u i-> = J^^-"- 1 (f n G End V(if, Z + -)). ( 7A ) 

Set 1 = 1 and u — \ Yl\=\ a i{~ \) a i{~ §)• The following result is well known (cf. |FFRj . 
[KWj and [m]). 
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Theorem 7.1. (V(H,Z + l,u;) a holomorphic vertex operator superalgebra gen- 
erated by di(— |) /or z = 1, /. 

We have already mentioned in Section 2 that any vertex operator superalgebra has 
a canonical automorphism a such that o = 1 on Vg and a = —1 on V\. Note that 
V(if, Z + 5)1 7^ 0. So a is an order 2 automorphism of V(H, Z + We next discuss the 
cr-twisted V(f/', Z + |)-modules. 

First we discuss the case when I = 2k (k is a positive integer) is even. The if can be 
written as 

k k 

H=j2 cb * + J2 cb * 

1=1 8=1 

with (6j, 6 3 ) = (&*, 6*) = 0, 0*) = Let A(H, Z) be the associative algebra generated 
by {b{n)\b G H,n G Z} subject to the relation 

[a(n),&(n)]+ = (a,&)<Wn,o 

Let v4(if, Z) + be the subalgebra generated by {&i(ft), 6*(m)|n > 0, m > 0, i — 1, • • • , fc}, 
and make C a 1-dimensional A(ii, Z) + -module so that &j(ft)l = for n > and b*(n)l = 
for n > i — 1, • • • ,k. 

As before we consider the induced module 

V(H,Z)=A(H,Z)® A(H , Z)+ C (7.2) 
= A[bi(-n),b*(-m)\n,m G Z,n > 0,m > 0]. (7.3) 

Then 6j(n) acts as db .®_ n y if ft is nonnegative and multiplication by 6»(n) if n is nega- 
tive. Similarly, &«(n)* acts as db ®_ n ) if ft is positive and multiplication by &«(n)* if n is 
nonpositive. 

Thanks to Proposition 4.3 in [Li2], V(H,Z) is an irreducible cr-twisted V(H,Z + -)- 
module such that 

!V ( ^)(n(-i),z) = u(z) = Y J u{n)z- n -^ 

for u G if. 

Proposition 7.2. If dim H = I = 2k is even, then A a (V(H,Z + |) is isomorphic to the 
matrix algebra M 2 k x2 k(C) and V(H,Z) is the unique irreducible a-twisted V(H,Z + |)- 
module up to isomorphism. 

Proof: By theorem 15. 1\ it is enough to show that A a (V(H,Z + |) is isomorphic to the 
matrix algebra M 2 k x2 k(c). 

Since g — a, the decomposition ()2.1()j) becomes V = V°*. By lemma l3~27 i). 

(1 + z)a ^-^ 3 

Res 2 2+m ai(z)v = c s ai(-m + s - -)v 

s>0 
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lies in O a (V(H, Z + -)) for m > where c s = (j). This implies that 

3 °° 3 1 

ai(-m - -)v = ^2c s ai(-m - - + s)v mod O a (V(H, Z + -)). 

Thus A ff (y(if,Z+ |)) is spanned by &i(-l/2) si • • • 6 fc (— l/2) Sfc 6f(— 1/2)* 1 • • • ^(-l/2)* fc 
with = 0, 1. As a result, dim A a (V(H, Z + §)) < 2 2/c . 

On the other hand, V^(if, Z) is an irreducible cx-twisted V(H, Z + i)-module. By 
Theorem EHl fi(V(i*,Z)) is a simple Z + ±))-module and dimtt(V(H, Z)) = 2 fc . 

Then dimA ff (y(/J, Z+|) > dimfi(F(iJ, Z)) = 2 2fc . This forces dim A a (V(H, Z+|)) = 2 2fc 
and A CT (F(iJ,Z+ i)) = M 2 fc x2 fc(C). " □ 

We now deal with the case dimH = 2k + 1 for some nonnegative integer k. Then if 
can be decomposed into: 

k k 

H = ^Cbi + ^2 cb * + Ce 

i=l i=l 

with (6,, 6,) = (b*, b*) = 0, (h, bp = 5 itj , (e, h) = (e, 6*) = 0, (e, e) = 2. 

Let A(H, z) be the associative algebra generated same as above, and A(H, Z) + be the 
subalgebra generated by {bi(n),b*(m),e(n)\m,n G Z, m > 0,n > 0,2 = 1, • • • , k} and 
make C a 1-dimensional Z) + -module so that 6j(n)l = for n > and b*(m)l = 

e(m)l = for m > 0, i = 1, • • ■ , k. Set 

Z) = A{H, Z) <8> A(H>Z)+ C 

= A[bi(-n),b*(-m),e(-m)\n,m G Z, n > 0, m > 0] 

and let 

W(#,Z) = A[6i(-7i),6;(-m),e(-7i)|7i,m G Z,n > 0,m > 0] = Z) ei,en © W(H, Z) odd 

be the decomposition into the even and old parity subspaces. Also define 
V±(H, Z) = (1 ± e(0))W(H, Z) even © (1 =F e(Q))W{H, l) odd . 

Then 

V(H, Z) = Z) © V-(H, Z) 

and V±(if, Z) are irreducible A(H, Z)-modules. The actions of bi(n),b*(n) are the same 
as before. The e(n) acts as 2t^— ^ if n > and as multiplication by e(n) if n < 0. 

Again by Proposition 4.3 in [Li2j, V±(H,Z) are irreducible cx-twisted modules for 
V(iZ,Z+ 1/2) so that 



2 

for ii G H. 



Y V ( H ,z)(u{-h, z) = u{z) = 



u(n)z- n - 1/2 
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Proposition 7.3. If dimif = 2k + 1 is odd, then A a (V(H,Z + -)) is isomorphic to 
M 2 k x2 k(C) © M 2 fc x2 fc(C) and V(H,Z + ~) /ios exactly two irreducible a -twisted modules 
V±(H,Z) up to isomorphism. 

Proof: The proof is similar to that of Proposition 17.21 □ 
Note that the automorphism a of V(H, Z + |) is a lifting of — 1-isometry of H. It is 

natural to study the twisted modules for an arbitrary isometry of H. 

Let if be a complex vector space as before with nondegenerate symmetric bilinear form 

(, ) and t an isometry of H of order N < oo. Then we can extend r to an automorphism 

of VOSA V(H,Z+ I) as follows: For any Oi(-ni) • ■■a s (-n s ) G V(H, Z + 1/2), 

r(a 1 (-n 1 )a 2 (-n 2 ) ■ ■ ■ a m (-n m )) = (rai)(-ni)(ra 2 )(-n 2 ) ■ • ■ (ra m )(-n m ). 

Let o(rcr) = N. We decompose H into eigenspaces with respect to the to and r as follows: 

H = ® rezm H r * (7.4) 
H = (B r &/N zH r (7.5) 

where H r * = {v G if|<r<7i; = e 2 ™ r/7V w}, and # r = {v e H\tv = e 2nir/N °v}. 

Let Iq = dim if *. As before we need to consider two separate cases: Iq is even or odd. 
If l = 2k for some nonnegative integer k , we have 

k fc 

H°* = ^^ + ^2 ch * 

1=1 1=1 

with (hi, hj) = (h*, h*) = 0, (hi, h*) = 6 itj . 

Let l r = dim H r * with r 7^ 0. If r 7^ iV — r, we fix bases 6 n i, 6 r)2 , • • • & r ,j r G if r * 
and 6*i,6* 2 ,---6r,ir G # (Af_r) * such that (6 r ,i,6^-) = (6^,6 r ,i) = If r = N - r, let 
{ c ij c 2; ' ■ ■ Qjv } be an orthonormal basis of if"*. 

Then M = (g)^" 1 A[b(-n)\n G > 0,6 6 Jf r *] (g) A[^(-n), /i*(-m)|n, m ez,n> 
0, m > 0] is an irreducible r-twisted V(H, Z + |)-module so that for u G H r * , 

^w-^) = «w= E «(«)*- n - 1/2 

(see |Li2j ). Note that b ri (n) acts as g fe * ^_ n ^ if n is positive and acts as multiplication by 

b r ^(n) if n is negative. Similarly for b* r i (n). The Cj(n) acts as 9c .^_ n ^ if n is positive and 
acts as multiplication by Cj(n) if n is negative. 

Also, hi(n) acts as dh J^_ n ^ if w is nonnegative, and acts as multiplication by hi(n) if n 

is negative; h*(n) acts as ah ^_ n ^ if n is positive, and acts as multiplication by h*(n) if n 
is nonnegative. 

One can easily calculate that 

fi(Af) = A[/i*(0) G If °*, i = 1,2, ■■■k }. 

So dim ft (M) = 2 fco . 
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Proposition 7.4. If dim H°* = l = 2k then M = (gj^f/ A[b(-n)\n 6^ + Z,n>0,6G 
H r *] (g) A[/ij(— n), m)\n, m G Z, n > 0,m > 0] i/ie unique T-twisted irreducible 
V(H, Z + ±) -module. 

Proof: As in the proof of Proposition 17.21 it is sufficient to show that dim A T (V(H, Z + 
i)) < 2 ,Q = dimEndft(M). 

If a G H r * with r 7^ 0, by Lemma f3. 21 (i) we see that for m>0,mEZ,b£H 

/-, , \JL — I OO , r 1\ I -1 

Res / ' 0(3)6 = E r / ' a(_m ~ 2 + 06 G ° r(m Z + 2 )} - 

z=o ^ ' 

So using the same calculation done in Proposition l7.2l we conclude that A T (V) is spanned 
by 

hi-i/2)* ■ ■ ■ M-V^K-i/^ 1 • • • ^ (-i/2)^ 

with Si, U = 0, 1. Hence dim A T (V(H, Z + -)) < 2'°, as desired. □ 
If dim if * = Z = 2k + 1, we can write H°* as follows: 

fco kg 

H°* = ^2chi + ^2 ch i + Ce 

i=i i=i 

with hj) = (h*, h*) = 0, (hi, h*) = S itjl (e, hi) = (e, frf) = 0, (e, e) = 2. Let 

z)=A[/ii(-n),/£(-m),e(-n)|n G Z >0 ,me Z> Q ] = W°(H, Z) even ®W°(H, Z) odd . 
Also define 

Vl(H, Z) = (1 ± e(0))W°(#, Z) eTOn © (1 =F e(0))W°(ff, Z) odd . 

Then 

M± = V£(.ff,Z)(g)A[a(-n)|a G H r *,ne -^ + Z,l<r<JV-l,n>0] 

are irreducible r-twisted V(H,Z+ |)- modules (see jLi2j ). The actions of a(n), hi(m), 
h*(m) for a G ii r * for r ^0 are the same as before. The e(n) acts as ^ g e ^_ n ^ if > and 
as multiplication by e(n) if n < 0. The proof of Proposition 17.41 gives 

Proposition 7.5. If dim if * = 2fc + 1 is odd, V(H,Z+ |) /ias exactly two r-twisted 
irreducible modules M± up to isomorphism. 
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